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We establish a relation between the solution of a relativistic bound state equa-
tion in quantum mechanics and the field representation of a bound state with the
aid of creation and annihilation operators. We show that a bound system can be
represented by a gas of free constituents and a classical effective field representing
the countless quantum fluctuations generating the binding potential. The distribu-
tion function of the internal momenta is given by the projection of the free states
on the solution of a relativistic bound state equation in the rest frame of the bound
system. In this approach Lorentz covariance, mass-shell constraints and single par-
ticle normalizability of the bound state function are simultaneously and explicitly
satisfied. The discussion is made for a two particle bound state and can be easily
generalized to the case of three or more particles.
The bound states of a two particle system found their best description in nonrelativistic quantum
mechanics where their existence is conditioned by the presence of an attractive potential well. In
this approach the internal dynamics is represented by an unphysical particle with a reduced mass,
moving inside the well. The defining features of a bound state function are stationarity and
normalizability.
In the relativistic approaches derived from field theory the bound state wave functions do not
satisfy these criteria because the binding is supposed a consequence of quantum fluctuations, that
is of a continuous exchange of quanta among the constituents [1,2]. The internal dynamics involves
an indefinite number of independent particles and the bound state wave function has a fluctuating
character. The attempt to improve the situation by restricting the intermediate states to the
positive energy ones is artificial and may destroy relativistic covariance [2].
It has been however shown by Dirac [3] that it is possible to quantize a bound system with a fixed
number of particles and to satisfy in the same time relativistic covariance by constructing explicitly
the interaction dependent generators of the symmetry group. Restraining the symmetry group to
those transformations which are purely kinematical it has been possible to develop dynamical
models independent on the concrete form of the interaction. This idea stays at the origin of the
light cone models extensively used in hadron physics [4]. The full relativistic covariance is of course
destroyed in this case, but the effects of symmetry violation may be evaluated by comparing various
quantization schemes [5].
Other stationary approaches like, for instance, those based on the relativistic generalization of
the time independent Schro¨dinger equation with an interaction potential yielding a realistic bound
state mass spectrum [6] have been used mainly in the study of static effects.
Closing this discussion we notice that the quantum mechanical approach and the field approach
can be put in agreement with each other if one finds a way to introduce the independent constituents
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in the quantum mechanical approach and if one assumes that the binding potential is the time
averaged result of some fast quantum fluctuations. The main problem remaining to be solved is
then to find the relation between the solution of a relativistic bound state equation and the field
representation of a bound state in terms of creation and annihilation operators. The clarification
of this point is the main purpose of the present paper.
In the following we refer to the meson case as a quark antiquark bound state. The flavor and
color indices are omitted for simplicity and the interaction potential is assumed to be white.
We first consider the bound state problem in the meson rest frame. In order to ensure an in-
dependent treatment of the quarks we assume that the total Hamiltonian is the sum of two free
Dirac Hamiltonians and of an interaction potential which depends on both coordinates. Its eigen-
functions are the internal functions of the bound system in the rest frame and the corresponding
eigenvalues are the meson masses. We then have:
[
∑
j=1,2
(−i~∇(j)~α(j) + βmj) + V0(~x1, ~x2)]Ψ(~x1, ~x2) = M Ψ(~x1, ~x2) (1)
where α and β are Dirac matrices and V0 is the interaction potential. The function Ψ(~x1, ~x2) has
two spinorial indices and can be best written under the form of a 4× 4 matrix.
We remark that the independent treatment of the quarks entails the violation of translational in-
variance with respect to the quark coordinates. In order to remove this inconsistency, we introduce
a vector-type external field ~V(~x1, ~x2) which enters the following set of equations
(−i~∇(1) − i~∇(2) + ~V(~x1, ~x2))Ψ(~x1, ~x2) = 0 (2)
completing covariantly the eq.(1). The compatibility between eq.(1) and the eqs.(2) shall be briefly
commented in the next in agreement with the interpretation we give to the interaction potential.
The solution in the coordinate representation of eqs.(1) and (2) corresponding to the eigen-
value M{n} where {n} is a set of quantum numbers labelling the bound state is denoted by
Ψ{n}(~x1, ~x2) =
〈
~x1, ~x2|Ψ{n}
〉
. Its projection on the solutions of the free Dirac equation ψ{~kj}(~xj) =
exp(iǫj~kj~xj)w({~kj}) and ψ
c = Cψ¯T{~kj}(~xj) is denoted by w¯i({
~k1})
(
Ψ{n}({~k1}, {~k2})
)
ij
w¯c
T
j ({
~k2}),
where C is the charge conjugation matrix, w is a Dirac spinor, {~kj} represents the set of quantum
numbers {ǫj, rj , ~kj} labelling the free states (ǫj = ± is the sign of the energy, rj is the projection
of the spin on an arbitrary axis and ~kj is the momentum). It is an easy matter to see that the
projection satisfies the following set of equations derived from (1) and (2)(
ǫ1
√
~k21 +m
2
1 + ǫ2
√
~k22 +m
2
2
)
w¯ ({~k1})Ψ{n}({~k1}, {~k2})w¯c
T ({~k2}) + 〈{~k1}, {~k2}|V0|{n}〉
= M{n} w¯({~k1})Ψ{n}({~k1}, {~k2})w¯c
T ({~k2}) (3)
(ǫ1~k1 + ǫ2~k2)w¯({~k1})Ψ{n}({~k1}, {~k2})w({~k2}) + 〈{~k1}, {~k2}|~V|{n}〉 = 0. (4)
We now recall that according to the general principles of quantum mechanics the projection
barw({~k1})Ψ{n}({~k1}, {~k2})w¯c
T ({~k2}) is the probability amplitude for finding two free quarks
with the individual quantum numbers {~k1} and {~k2} in the meson state characterized by Ψ{n}.
Eqs.(3) and (4) show however that the meson cannot be represented by a supperposition of states
containing free quarks only, because the sum of the quark 4-momenta does not satisfy the meson
mass-shell constraint. In order to have a real representation, the contribution of the interaction
potential must be explicitly included into the sum, but the operation must be performed in such
a way as to preserve relativistic covariance.
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The solution we found to this problem was to introduce a classical field Φ as an additional
component of the meson, independent of the valence quarks, carrying the 4-momentum Qµ [7]
defined as the difference between the meson and the quark momenta.
Q0 =M{n} − ǫ1
√
~k21 +m
2
1 − ǫ2
√
~k22 +m
2
2 (5)
~Q = −ǫ1~k1 − ǫ2~k2. (6)
In this way we can represent a meson by a gas of free quarks having the distribution of momenta
and spins given by w¯({~k1})Ψ{n}(~k1, ~k2)w¯c
T ({~k2}) and a classical effective field which contributes
with its own momentum to the meson. The single meson state is then:
|M{n}(M{n}, 0)
〉
=
∫
d3k1
m1
e1
d3k2
m2
e2
d4Q δ(3)(~k1 + ~k2 + ~Q)δ(e1 + e2 +Q0 −M{n})
×
∑
s1,s2
u¯s1(
~k1)Ψ{n}(~k1, ~k2)Cvs2(~k2) Φ
∗(Q) a†r(~k1)b
†
s(
~k2)|0〉 (7)
where {n} are the quantum numbers of the meson, a† and b† are quark and antiquark creation
operators and u, v are free Dirac spinors. Φ† is the vacuum-like classical field carrying the momen-
tum Qµ defined in (5) and (6). It is the collective, time averaged effect of the continuous series of
virtual excitations of the quark gluonic field giving rise to the binding. Q0 is the binding energy
and ~Q represents the reaction of the whole mass of virtual particles to the motion of the valence
quarks, or, in other words, the effect of the imperfect cancellation of the vector momenta during
the quantum fluctuations. One may then say that ~Q is an aleatory variable defined by eq.(6) and
the eq.(2) is an identity defining the operator ~V(~x1, ~x2) = i~∇
(1) + i~∇(2). Of course, this not a
unique choice for ~V(~x1, ~x2), but it is the simplest one guaranteeing the compatibility of eqs.(1) and
(2).
Closing this discussion on the signification of V0 we notice a strong similarity with the bag [8]
constraint. Both V0 and the bag are classical extra components of the bound system and generate
the binding effects. We also remark the resemblance between the definition of the momentum Qµ
(see eqs.(5),6) and that of the effective potential in nonrelativistic QCD, which is the remaining
part in the effective Lagrangian after separating off the kinetic terms [9,10].
In order to clarify the transformation properties of a meson state (7) with definite momentum
and parity we give the most general expressions of Ψ{n}({~k1}, {~k2}) in some simple cases:
(ΨPC)lm = ϕPγ
5
lm
(ΨV C)lm = ε
i
(
ϕV1 γ
i
lm +
∑
n=1,2
ϕV2nk
i
nδlm +
∑
n=1,2
ϕV3n[γ
i, γj]lmk
j
n
)
(ΨAC)lm = ε
i
(
ϕA1 γ
i
lp +
∑
n=1,2
ϕA2nk
i
nδlp +
∑
n=1,2
ϕA3n[γ
i, γj ]lpk
j
n
)
γ5pm (8)
where P, V, A denote the pseudoscalar, vector and axial mesons respectively, ε are the meson
polarization vectors having only spatial components in the rest frame and ϕi are scalar functions
of ~k1, ~k2 whose arguments have been omitted for simplicity.
It follows then that the expression (7) can be written in a Lorentz covariant form by replacing
~k by kµT where kT = (0,
~k) in the rest frame and the scalar product ~ki~kj by −k
µ
iTkjTµ. The
change of reference frame amounts to the replacement of kT by k
′µ
T = Λ(~ω)
µ
νk
ν
T and of the Dirac
3
spinors u, v by u(~k′) = Λsp(~ω)u(~k) where Λ(~ω), Λsp(~ω) are respectively the vectorial and spinorial
representations of Lorentz transformations from the rest frame to a reference frame moving with
the velocity ~ω with respect to the first one. The result is the expression of the meson state with
the energy E = M√
1−~ω2 and the momentum
~P = −~ω E.
It is worthwhile remarking here that owing to the independent treatment of the quarks the
generalization of eqs.(1), (2) and (7) to the baryon case amounts simply to the introduction of a
third quark contribution according to the general rules of relativistic covariance.
Closing this discussion we mention that only the projection of Ψ{n} on the positive energy states
appear in the expression (7) because those corresponding to negative energy are associated with
the quark and antiquark annihilation operators which gives 0 when acting on the vacuum. In a
forthcoming paper we shall show that the negative energy states play an important role in the
description of the interaction mechanism between two hadrons.
Now we verify the normalizability of the single meson state (7) by making use of the commutation
relations for the free quark operators and of a vacuum expectation value of the effective field
ensuring the separate conservation of its 4-momentum:
〈0| Φ(Q) Φ+(Q′) |0〉 =
1
V0T0
∫
d4 X ei (Q
′−Q)µ Xµ =
(2π)4
L30T0
δ(4)(Q−Q′) (9)
where the constant V0 T0 has been introduced from dimensional reasons. V0 is the meson volume
and T0 is a time sensibly larger than the time basis involved in the time averaged definition of the
effective field.
We notice that δ(Q0−Q
′
0) in (9) induces a cumbersome δ(E−E
′) in the expression of the norm.
In order to avoid it by preserving the manifest Lorentz covariance of eq.(9) we write
2π
T0
δ(Q0 −Q
′
0) =
1
T0
∫
T
dX0e
i(E(P )−E(P ′))X0 ≈
E
M{n}T0
∫
T0
dY0e
i(M{n}−M{n′})Y0 ≈
E
M{n}
δM{n}M{n′} (10)
and get immediately:〈
M{n′}(P ′) |M{n}(P )
〉
= 2E (2π)3 δ(3)(P − P ′) δM{n}M{n′} δ{n}{n′} J (11)
where
J =
1
2M L30
∫
d3k1
m1
e1
d3k2
m2
e2
d4Q δ(4)(k1 + k2 +Q− P )
×Tr
(
kˆ1 +m1
2m1
Ψ{n}(k1T , k2T )
kˆ2 +m2
2m2
Ψ¯{n′}(k1T , k2T )
)
= 1. (12)
In the above relations we have implicitly assumed thatM{n} andM{n′} are discrete eigenvalues of
the equation (1) with |M{n}−M{n′}| T0 >> 1 so that the integral in (10) vanishes ifM{n} 6= M{n′}.
We notice that relation (10) allows to eliminate the rather arbitrary time T0 from the expression
of the norm, which is quite remarkable.
As an argument for the introduction of a vector potential in eq. (2) we remark that in its absence
i.e. in the case when Qµ = αPµ the expression of the norm will contain the highly singular factor
δ(α− α′)δ(3)(0).
Relation (11) can be interpretated as an expression of the confinement because it shows that a
many particle state (7) can be normalized like a single particle one if the integral J converges.
4
In order to complete the picture we still have to see if the bound state function Ψ{n}(~x1, ~x2) can
be recovered from the field representation (7) of the bound state.
We mention first that the calculations must be performed in the meson rest frame, where the
bound state wave function has been defined. We also notice that there are two kinds of degrees of
freedom in the field representation: those associated with the quarks and those associated with the
effective field. The last ones have no quantum mechanical significance and must be integrated out.
Taking into account the stationarity of the meson structure, its wave function must be defined as
follows:
Ψ˜{n}(~x1, ~x2, t)αβ = 〈0|
∫
d3Q ψ¯c(~x2, t)βψ¯(~x1, t)αΦ( ~Q, t)|M{n}(M{n}, 0)〉 (13)
where the single meson state is given by (7), ψ is the free quark field, α and β are spinorial indices
and
Φ( ~Q, t) =
T0
(2π)
∫
dQ0e
−iQ0tΦ( ~Q,Q0). (14)
It can be seen by straightforward calculation that the time dependence factorizes out under the
form e−iM{n}t (see eq.(5)). It also results that Ψ˜{n}(~x1, ~x2, t)αβ contains that part of the initial
function Ψ{n}(~x1, ~x2) having nonvanishing projection on the positive energy free states. The part
projecting on the negative energy free states is lost, because it does not appear in the definition of
the meson state (7).
In conclusion, we established a relation between the field representation of a bound state and
the solution of the bound state equation in the rest frame. We have shown that the bound system
can be represented by a gas of free particles and a classical field. The momentum distribution
function in the gas is given by the projection of the bound state wave function on the free states
and the momentum carried by the effective field is defined as the difference between the bound state
momentum and the sum of free momenta. We mention that stationarity, Lorentz covariance, mass-
shell constraints and single particle normalizability of the bound state function are simultaneously
and explicitly satisfied. All these properties have been ensured with the aid of the classical field Φ
representing the collective effect of the unobservable quantum fluctuations generating the binding.
The field expression of a bound state (see eq.(7)) has clear transformation properties and can
be easily written in any refference frame. This makes it very useful in the calculation of some
dynamical quantities like, for instance, the electromagnetic and semileptonic form factors.
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